We show that an infinite cyclic covering space M of a PD n -complex M is a PD n−1 -complex if and only if χ(M) = 0, M is homotopy equivalent to a complex with finite [(n − 1)/2]-skeleton and π 1 (M ) is finitely presentable. This is best possible in terms of minimal finiteness assumptions on the covering space. We give also a corresponding result for covering spaces M ν with covering group a PD r -group under a slightly stricter finiteness condition.
Introduction
If p : M → B is a fibration of a PD n -complex M over a PD r -complex B the homotopy fibre of p is a PD n−r -complex if and only if it is finitely dominated, by a theorem of Gottlieb and Quinn. The paper [11] gives a very nice proof for the case when M, B and the homotopy fibre are finite complexes. The general case follows on taking products with copies of S 1 to reduce to the finite case and using the Künneth theorem. More recently a purely homotopy-theoretic proof has been given by Klein [15] .
When B is aspherical and p * = π 1 (p) is an epimorphism the homotopy fibre is the covering space corresponding to Ker(p * ). We shall show that in this case we may use duality to relax the hypothesis that the fibre be finitely dominated, to requiring merely that it be homotopy equivalent to a complex with finite [n/2]-skeleton. In the simplest nontrivial case, when the base is S 1 , we can improve this slightly, and our result is then best possible. (Our argument shall be entirely homological, rather than homotopy-theoretic as in [11] .)
The next section introduces some notation and terminology. In Sect. 3 we use the finiteness criterion of Brown and extend a duality argument of Barge to show that a covering space of a PD n -complex with covering group a PD r -group is a PD n−rcomplex if it is homotopy equivalent to a complex with finite [n/2]-skeleton and has finitely presentable fundamental group (Theorem 4). In Sect. 4 we provide some algebraic background relating to Novikov rings and the finiteness criterion of Ranicki. (In particular, we consider explicitly the twisted case). This is used in Sect. 5 together with the main result of [17] to show that if M is an infinite cyclic covering space of a finite PD n -complex M then M satisfies Poincaré duality of formal dimension n − 1 if χ(M) = 0 and M is homotopy equivalent to a complex with finite [(n − 1)/2]-skeleton (Theorem 7). Knot theory provides examples with π = π 1 (M) ∼ = Z and infinite cyclic covering space [(n − 3)/2]-connected but not finitely dominated, so this finiteness hypothesis is best possible in general. (See the paragraph following Theorem 7 below). If n = 4 then M must in fact be a PD n−1 -complex; this is not known when n = 4. In the aspherical case if a PD n -group π is a semidirect product π ∼ = ν Z then ν is a PD n−1 -group if and only if χ(π) = 0 and ν is FP [(n−1)/2] . We do not know whether the finiteness assumption on ν is best possible in this case.
Notation
If X is a space let C * (X) be its singular chain complex, X its universal covering space, and X ν the covering space associated to a subgroup ν ≤ π 1 (X). We shall let Z and Z r denote the infinite cyclic group and a free abelian group of rank r, respectively, and shall reserve Z to denote the ring of integers.
Since we wish to minimize finiteness hypotheses, we shall make the following distinctions. A PD n -space is a connected space X with an orientation character w : π 1 (X) → Z × and a class [X] ∈ H n (X; Z w ) which satisfies formal Poincaré duality of dimension n with w-twisted local coefficients. A PD n -complex is a PD n -space which is homotopy equivalent to a finitely dominated cell complex. It is finite if it is homotopy equivalent to a finite cell complex. A cell complex X is finitely dominated if and only if X × S 1 is finite, by Theorem 1 of [20] .
Let R be a ring. An R-chain complex has finite k-skeleton if it is chain homotopy equivalent to a projective complex P * with P j finitely generated for j ≤ k. If i : R → S is an inclusion of R as a subring of a ring S and C is a S-module let i ! C be the R-module obtained by restriction of coefficients. An S-chain complex C * is R-finitely dominated if i ! C * is chain homotopy equivalent to a finite projective R-chain complex. If X is a PD n -space with fundamental group π then C * ( X) is Z[π ]-finitely dominated, so π is FP 2 , and X is finitely dominated if and only if π is finitely presentable [7] .
If G is a group and A is a left 
